Abstract. Given a pair of biorthogonal, compactly supported multiwavelets, we present an algorithm for raising their approximation orders to any desired level, using one lifting step and one dual lifting step. Free parameters in the algorithm are explicitly identi ed, and can be used to optimize the result with respect to other criteria.
. . . The sequence H
= fh (0) k g k2Z of coe cient matrices is called the mask of the function. We assume that only nitely many h (0) k are nonzero, and that all (0) j have compact support.
We call We again assume that all coe cient sequences are nite, and all multiwavelet functions have compact support.
In the standard literature, the word \wavelet" sometimes means an individual wavelet function, sometimes scaling function and wavelets together. To avoid ambiguity, we refer to the entire collection = f ( ) : = 0; : : :; m?1g as a multiwavelet, and to the individual ( ) as multi-scaling functions or multiwavelet functions. The properties of re nable function vectors, multi-scaling functions and multiwavelet functions with dilation factor m = 2 are discussed in many papers. Some Since we assume compact support, the sum is nite for each xed x, and there are no convergence problems. This paper considers the following problem: Given a biorthogonal multiwavelet pair ,~ , and integers p 1,p 1, nd an algorithm to generate from them new multiwavelets new ,~ new with approximation orders p,p, respectively.
One known way to raise approximation order is through the use of Two-scale Similarity Transforms (TSTs) ( 26] Compared to TSTs, the lifting approach has the following advantages:
1. lifting produces a complete new multiwavelet pair; TST produces only a new multi-scaling function; 2. lifting uses no matrix division or singular matrices; 3. lifting generally produces shorter new masks than the TST algorithm. The outline of this paper is as follows. Sections 2, 3 introduce notation and summarize needed results from the literature. The main result can be found in theorem (4.1) at the end of x4. The proof is constructive, and forms the basis for a numerical algorithm. An alternative approach, based on a suggestion in 36], is presented in x5. Implementation details for both algorithms are stated in x6. Section Here and in the remainder of this paper, I denotes an identity matrix of appropriate size.
The existence of a biorthogonal pair of masks does not automatically guarantee the existence of a corresponding pair of MRAs. This raises the question whether the new masks produced by our algorithm actually represent multiwavelets in the sense described in the introduction, or merely the coe cients of lter banks for signal processing applications. We will address this question in x 6.3.3, using the notation gives rise to a re nable function vector (0) and an MRA. This corresponds to the concept of a (uniformly) stable basis in 2] . Given (0) , the multi-wavelet functions In x 6.3.3, we will refer to these concepts as stability of (0) , stability of , and stability over all levels, respectively.
The information contained in a mask H can be represented in various forms. We present here the two forms used in this paper. The normalization is chosen so that biorthogonality is equivalent to P( )P( ) = I: (2.7)
The determinants of P( ),P( ) are trigonometric polynomials. If H,H both have nite length, the determinants must be monomials.
If a multiwavelet has approximation order p, as de ned in (1.6), then necessarily For wavelets of multiplicity 1 and dilation factor 2, this theorem dates back to 38]. As a general technique for creating stable re nable bases, the theorem was rst used (in a periodic setting) in 5]. The most general version is given in 2], in the context of stable multiscale representations. A multiscale representation generalizes the concept of MRA by allowing each of the nested subspaces V j to have its own basis j , not necessarily generated by translates and dilations from a small number of scaling functions. It is shown that any two stable completions of the same j are related in a manner similar to (3.1). (Polyphase matrices are not available in the general multiscale case, so the notation is di erent).
In the scalar case, Sweldens called (3.1) with M = 1 a lifting step ( 7] , 35], 36]), and showed that any wavelet can be built from the trivial polyphase matrix P( ) = I by a nite combination of lifting steps and dual lifting steps
We also ignore M, since it has no e ect on the scaling functions or dual scaling functions and their approximation orders. Thus, we de ne a multiwavelet lifting step as
where each L 4. Raising approximation order by lifting. In this section, we show how a single lifting step can be used to raise the approximation order of the dual multiscaling function to any desired level, while leaving the multi-scaling function and its approximation order invariant.
In the scalar case, the idea of using lifting to raise the dual approximation order goes back to Sweldens' original papers ( 35] , 36]). In the multiwavelet setting, di erent implementations appear in 8], 34]. Similar ideas can also be found in 13] (for multivariate wavelets) and 2] (for general multi-scale approximations).
Let H,H be a biorthogonal pair of masks, with H satisfying condition E.
Remark: As pointed out above, condition E is automatically satis ed for compactly supported stable (0) , so it is a desirable property anyway. This is the reason why we impose condition E instead of the slightly weaker conditions we actually need.
Given The solution is not unique, except in the scalar case.
The matrix A in (4.3) is nonsingular for N = n =p, so we can always nd a trigonometric polynomial L ( ) ( ) of lengthp or less with an arbitrary starting index k 0 and prescribed moments ( ) j , j = 0; : : :;p ? 1. We summarize the results of this section in the following theorem. IfH new satis es condition E, we can follow the rst lifting step with a dual lifting step that produces new masks with approximation orders p,p, respectively, for any p 1. It is shown in 6.3.3 below that ifH satis es condition E, it is always possible to preserve it during the lifting step. 5 . A modi ed approach. In the procedure in the previous section, it is necessary to impose allp conditions, even if the originalH already has some approximation orderq. A modi ed algorithm, suggested in the scalar case in 36], can be adapted to the multiwavelet case.
The motivation is the following. As stated in (3.6) above, the e ect of lifting on the multiwavelet functions is described by ( ) new (x) = for some shorter trigonometric polynomials T ( ) . It is easy to verify directly that this approach will preserve the existing approximation orders for masks. The modi ed algorithm is faster than the original one. However, it frequently results in longer new masks than the original algorithm. This is illustrated by the examples in x 7. 6. Algorithms. The following algorithms are implementations of the procedures outlined in the previous two sections. They can be used to nd suitable lifting factors of any desired length, with free parameters explicitly identi ed.
Assume that H,H are biorthogonal masks, with H satisfying condition E. 6.1. Algorithm 1. Given integersp 1, n 1, k 0 arbitrary, we want to nd matrix trigonometric polynomials of length n with starting index k 0 (6.1) so that the new dual maskH new produced by the lifting process (3.3) has approximation orderp.
Step Step 4. Perform a singular value decomposition (SVD) AY = U V : (6.9) Here U is of size nr nr, is of size nr p, and V is of sizep p. Let s be the rank of , then The free parameters are the elements of (LU) 2 , of which there are r(nr ? s)(m ? 1).
Step 5. Assemble the L ( ) ( ) and perform the lifting.
Step 6. If required, verify thatH new satis es condition E or other properties. If necessary, use optimization on the free parameters to satisfy these conditions (also see remark 4 below). , which do not increase the support lengths of the functions, will in general be able to achieve approximation order r already.
Larger n could be used if extra free parameters are desired. The algorithms could easily be generalized to allow di erent n, k 0 for each . 
. It is shown in 7] (for scalar wavelets) that any polyphase matrix can be completely factored into lifting steps. Since lifting steps are reversible, this means that any polyphase matrix can be converted into any other by multiple lifting and dual lifting steps. Obviously, stability can get lost in the process.
However, we can always preserve condition E for~ (0) , which is a prerequisite for stability. By new;0 , and Condition E remains valid. This approach may require increasing n.
In most of the numerical examples we tried, condition E was preserved automatically. In the remaining cases, a simple change in the free parameters was su cient, with no increase in n needed.
We conjecture that stability of~ (0) can also be preserved, but the necessary additional conditions on L are not known. 
